Abstract. Homogeneous polynomials and multilinear operators have been exhaustively investigated in the last decades under many different viewpoints. In Functional Analysis, polynomials are the pillars to the theory of holomorphic functions and in Multilinear Algebra, multilinear operators are the usual tools in different settings. In this paper we prove some properties that were apparently overlooked in the literature. For instance, every multilinear mapping is a homogeneous polynomial.
Introduction
We recall that if E and F are vector spaces, a map P : E → F is called an m-homogeneous polynomial when there exists an m-linear operator A : E × · · · × E → F such that P (x) = A(x, . . . , x) for all x in E.
Polynomials and multilinear operators have been exhaustively investigated by quite different viewpoints. For instance, multilinear operators are present in Harmonic Analysis [5, 6] , Functional Analysis [1, 7, 10] and, of course, Algebra. On the other hand, polynomials, for instance, are suitable to investigation of holomorphic mappings [2, 4] among other various issues (see, for instance, [3] ).
In this paper we show that the class of polynomials encompasses apparently different classes of operators. Let us recall the following definition: Definition 1.1 ( [11] ). Let m ∈ N and (n 1 , . . . , n m ) ∈ N m . A mapping P : E 1 × · · · × E m → F is said to be an (n 1 , . . . , n m )-homogeneous polynomial if, for each i = 1, . . . , m, the mapping
In other words, we have the following: if m is a given positive integer and n 1 , ..., n m are positive integers such that n 1 + · · · + n j = m we have the notion of (n 1 , ..., n j )-homogeneous polynomial for j ∈ {1, ..., m}. When j = 1 we have an m-homogeneous polynomial and when j = m then we have an m-linear operator. These kind of maps are called multipolynomials and we shall denote by P ( n1 E 1 , . . . , nm E m ; F ) the vector space of all (n 1 , . . . , n m )-homogeneous polynomials from the cartesian product
Multipolynomials are helpful to the unification of apparently disjoint polynomial and multilinear theories. For instance, in the nonlinear theories of Operator Ideals (see [8, 9] ). In this note we show that every multipolynomial is a homogeneous polynomial.
Every multipolynomial is a homogeneous polynomial
Henceforth L s ( m E; F ) denotes the space of all m-linear forms from E × · · · × E to F which are symmetric and for each A ∈ L ( m E; F ) the m-homogeneous polynomial A ∈ P ( m E; F ) is defined by A (x) = Ax m for every x ∈ E.
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We recall some results from the theory of homogeneous polynomials that will be useful in this paper (these results can be found, for instance, in [4, Theorem 1.10] and [4, Theorem 2.2]):
• The mapping A → A induces a vector space isomorphism between L s ( m E; F ) and P ( m E; F ). 
j denote the corresponding coordinate functionals, then each P ∈ P ( n1 E 1 , . . . , nm E m ; F ) can be uniquely represented as a sum
where
and where all but finitely many c j1···jM ξ
Proof. For a fixed i = 1, . . . , m, every z ∈ E i can be uniquely represented as a sum
where almost all of the scalars ξ (i) j (z) (i.e., all but a finite set) are zero. So we can write
j1 , . . . , e
(1) jn 1
. (1)
By the Polarization Formula, we get
and, replacing (2) in (1), we get
Repeating the process by the second time, starting by developing
we get
After repeating the process m − 2 times, starting by developing
Corollary 2.2. Let E 1 , . . . , E m and F be vector spaces over K. Then
where M = n 1 + · · · + n m . In other words, all P ∈ P ( n1 E 1 , . . . , nm E m ; F ) is an M -homogeneous polynomial.
Proof. By Theorem 2.1, we can write
Define the map
where j 1 , . . . , j n1 ∈ J 1 , . . . , j M−nm+1 , . . . , j M ∈ J m . By the uniqueness of the nonzero scalars, the mapping B : (E 1 × · · · × E m ) M → F is well defined. It is easy to see that B ∈ L M (E 1 × · · · × E m ) ; F and that B ((x 1 , . . . , x m )) M = P (x 1 , . . . , x m ), for every (x 1 , . . . , x m ) ∈ E 1 × · · · × E m . Then, P ∈ P M (E 1 × · · · × E m ) ; F as desired.
Corollary 2.3. Let E 1 , . . . , E m and F be vector spaces over K. Then every m-linear operator in L (E 1 , · · · , E m ; F ) is an m-homogeneous polynomial in P ( m (E 1 × · · · × E m ) ; F ).
